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The objective of this work is to develop an analytical homogenization method to estimate the effective
mechanical properties of ﬂuid-ﬁlled porous media with periodic microstructure. The method is based
on the equivalent inclusion concept of homogenization applied earlier for solid–solid mixture. It is
assumed that porous media are described by the poroelastic constitutive law developed by Biot where
porosity is a material parameter. By solving the governing equations of poroelasticity in Fourier trans-
formed domain, the relation between periodic strain and eigenstrain in porous media is established. This
relation is subsequently used in an average consistency condition involving both solid and ﬂuid phase
stresses and strains. The geometry of the porous microstructure is captured in the g-integral. This homog-
enization method can also be applied to estimate the equivalent properties of solid–ﬂuid mixture where a
pure solid and ﬂuid can be modeled by assuming very low and high porosity, respectively. Several exam-
ples are considered to establish this newmethod by comparing with other existing analytical and numer-
ical methods of homogenization. As an application, poroelastic properties of cortical bone ﬁbril are
estimated and compared with previously computed values.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Homogenization is the natural process of characterizing a system
with very ‘‘few’’ parameters while retaining the essential system
characteristics. The process is natural since all experimental obser-
vations are homogenized quantities albeit at different levels of res-
olution. The computational counterpart of this process has been an
active ﬁeld of research for the past six decades wherein the primary
objective is the estimation of the effective properties of solid–solid
mixtures. The analytical/numerical techniques developed so far
are capable of handling situations where one phase is a void phase.
However, there are very few techniques that are specialized to deal
withmediawith an intricate network of this void phase (sometimes
described asporousmedia). To add to the complexity, the voidphase
(or pores) can be ﬁlled with a ﬂuid whosemotion can be completely
independent of the solid phase motion.
Inhomogeneous porous materials with ﬂuid-ﬁlled pores are
ubiquitous in nature. Human bones, for example, fall under this
category where the bone-ﬂuid acts as a carrier of nutrition ele-
ments to the porous bone scaffold (Knothe-Tate, 2003). The hierar-
chical nature of cortical and cancellous bone give rise to
inhomogeneous porous but well deﬁned macrostructure. For gen-
eral porous media, heterogeneity may result from the spatial vari-
ation of the solid and ﬂuid phase properties or due to the variation
in the porosity itself. It is not difﬁcult to envisage that modeling ofll rights reserved.heterogeneous porous media can be computationally expensive if
one has to capture these variations in detail. However, the current
trend in the growth of computational power and developments in
the ﬁeld of microstructure reconstruction indicate that very soon it
will be possible to model an entire human skeleton with all the de-
tails of the bone structure. Nevertheless, there are other computa-
tionally inexpensive and elegant alternatives and homogenization
is one of them.
The homogenization method presupposes the existence of a
framework (e.g., constitutive law) that describes the system and
computed effective properties can be thought of as a projection
of the system on this framework. Thus, effective properties are
framework speciﬁc and their efﬁcacy depends upon the ﬁdelity
of the framework. For example, homogenization of ﬁber reinforced
composite can be done within an isotropic elastic material frame-
work. However, that may not be the most appropriate description
for this kind of composite. One can expand the scope of the frame-
work by introducing anisotropy (and perhaps plasticity) so that
there is a scope for obtaining better effective properties. In any
case, success of the effective property depends on the right choice
of the framework.
Thus, an appropriate framework is necessary for inhomoge-
neous porous materials before any attempt at homogenization is
made. The challenge is to accommodate both solid and ﬂuid phases
under the same constitutive law and accurately model their inter-
action. Intuitively, one can think about combining the equations of
solid and ﬂuid in some manner so that these two phases can
coexist and result in a coherent modeling framework. Towards this
(a) (b)
Fig. 1. Different conﬁgurations of unit cell for (a) heterogeneous porous media and (b) trapped ﬂuid in solid media. Here, f, p and s indicate ﬂuid, porous and solid phase,
respectively and numbers in the subscript enumerate different phases of same type.
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O’Connell and Budiansky (1974, 1976), used self-consistent
scheme for estimating both dry (‘‘drained’’) and ﬂuid-saturated
(‘‘undrained’’) elastic properties of ﬂuid-ﬁlled porous media.
Shaﬁro and Kachanov (1997) introduced the concept of ﬂuid pres-
sure polarization tensor for estimating the undrained elastic con-
stants. In recent years, Yoon and Cowin (2009) assumed that
water can be modeled as an elastic solid. The constitutive matrix
of this ‘‘solid’’ can be obtained from the bulk modulus of water
and setting the Poisson’s ratio very close to 0.5. Subsequently, all
the existing homogenization methods involving solid–solid mix-
ture (e.g., Dilute distribution theory) can be used to obtain the un-
drained elastic property.
However, the traditional (and perhaps more natural) method of
ﬁnding the undrained elastic constants is the poroelasticity theory
(Biot, 1941, 1956). This theory has found applications in modeling
geo-materials (like rocks) and biomaterials like bones (see Cowin,
1999). However, the material parameters need to be obtained from
suitable experiments. For bones, it becomes all the more difﬁcult
due to the complex nature of bone microstructure and mathemat-
ical modeling can supplement this exercise. Classical homogeniza-
tion techniques within the framework of linear isotropic/
anisotropic material have been applied in the past to obtain poro-
elastic parameters. A composite modeling scheme in conjunction
with available experimental data has been used by Smit et al.
(2002) to estimate the poroelastic parameters of cortical bone.
Working within an anisotropic framework, Yoon and Cowin
(2008) estimated the poroelastic constants of osteons by assuming
a periodic distribution of microstructures. Recently, the author has
developed a ﬁnite element based homogenization technique to
deal with arbitrary periodic porous microstructure (Chakraborty,
2011).
The assumption of periodicity on the microstructure distribu-
tion is a crucial step in simplifying the homogenization procedure.
It can be argued that this single assumption paved the way for ana-
lytical homogenization scheme where the existing mathematical
setup of Fourier series (or transform) can readily be applied for
arbitrary microstructure. It is well-known that the dimension of
a problem is greatly reduced in the transformed domain as one
need to work with only a few Fourier series (or transform) coefﬁ-
cients. This idea has been used extensively by several researchers
for the effective property estimation of solid composites (see
Nemat-Nasser and Hori, 1999). It is to be noted that the method
is not limited to simple microstructures and arbitrarily complexshapes can be dealt with relative simplicity as the phase informa-
tion is embedded in a domain integral, which can also be evaluated
numerically (if required).
However, there is no existing homogenization scheme for inho-
mogeneous porous media with periodic microstructure. The pres-
ent work tries to bridge this gap by developing the steps to be
followed within the framework of Biot’s poroelastic constitutive
relation. The work draws ideas from the process outlined by
Nemat-Nasser and Hori (1999) and can be reduced to the classical
case if the framework is changed to isotropic elastic description.
The periodic microstructure may consist of (a) porous phases with
varying material properties and/or porosities or (b) homogeneous
solid and ﬂuid phases (see Fig. 1). For both the cases, the present
homogenization method results a set of effective properties within
Biot’s poroelastic framework. It is important to mention that there
are several other analytical homogenization schemes that do not
presuppose periodic microstructure (e.g., Mori-Tanaka method, Di-
lute distribution method, etc.). These methods are traditionally ap-
plied within the framework of elastic isotropic materials and only
recently they have been extended to poroelastic framework
(Chakraborty, 2011). These extended versions are used in the pres-
ent study to compare with the proposed homogenization method.
The organization of the paper is as follows. The next section
starts with an outline of the poroelastic constitutive law followed
by the solution of the governing equations in the Fourier trans-
formed domain. The idea of equivalent inclusion is introduced next
and the steps of homogenization are outlined in detail. In the
numerical section several examples are considered to compare
the present method with other analytical and numerical methods
of porous media homogenization. As an application, poroelastic
property estimation of mineralized ﬁbril is demonstrated. Finally,
a summary of the results is presented in the concluding section.2. Analytical homogenization method
First, the governing equations of poroelasticity are revisited
with emphasis on the derivation of the total strain as a function
of applied eigenstrain. The poroelastic framework considers a
material point in a continuum consisting of both solid and ﬂuid
phase with independent displacement components, ui and Ui,
respectively. The solid displacement ﬁeld generates the conven-
tional small-strain measures ij = (ui,j + uj,i)/2 whereas the ﬂuid dis-
placement components give rise to volumetric strain in the ﬂuid
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components rij and ﬂuid stress components s = bp are related
to these strains by
r11
r22
r33
r23
r13
r12
s
8>>>>>><>>>>>>:
9>>>>>>=>>>>>>;
¼
C11 C12 C13 0 0 0 Q1
C12 C22 C23 0 0 0 Q2
C13 C23 C33 0 0 0 Q3
0 0 0 C44 0 0 0
0 0 0 0 C55 0 0
0 0 0 0 0 C66 0
Q1 Q2 Q3 0 0 0 R
2666666666664
3777777777775
11
22
33
23
13
12
h
8>>>>>><>>>>>>:
9>>>>>>=>>>>>>;
; ð1Þ
where Cij, Qi and R are elements of the constitutive matrix for cou-
pled solid and ﬂuid contributions. For future usage Eq. (1) is further
abbreviated as
r
s
 
¼ C Q
Q T R
 

h
 
; C 2 R66; Q 2 R61; R 2 R11: ð2Þ
For isotropic material the constitutive law is simpliﬁed to
rij ¼ 2lij þ ðkkk þ QhÞdij; s ¼ Qkk þ Rh; ð3Þ
where k, l, Q and R are four material moduli introduced by Biot to
fully describe the behavior of a ﬂuid-ﬁlled porous material. These
material parameters are related to the solid Young’s modulus Es
and Poisson’s ratio ms, bulk modulus of the ﬂuid Kf and porosity b,
by the relation
l ¼ lb ¼
Eb
2ð1þ mbÞ ¼
Esð1 bÞn
2ð1þ mbÞ ; ð4Þ
k ¼ b Ks=Kf  1
 
Kb þ b2Ks þ ð1 2bÞðKs  KbÞ
 	
D
 2l
3
; ð5Þ
Q ¼ bð1 b Kb=KsÞK  s
D
; R ¼ b
2Ks
D
; ð6Þ
where D = 1  b  Kb/Ks + bKs/Kf, Ks is the bulk modulus of the solid,
i.e., Ks = Es/3(1  2ms) and n is a structural parameter describing the
microstructure of the solid phase. Further, Kb is the bulk modulus of
the solid skeleton deﬁned as Kb = Eb/3(1  2mb), where Eb is the skel-
etal Young’s modulus deﬁned as Eb = Es(1  b)n. The Poisson’s ratio
of the solid skeleton, mb is generally considered to have the same va-
lue as ms.(a)
Fig. 2. Steps of the homogenization process (a) porous microstructure with two differe
(domain with nonzero eigenstrain).In the presence of eigenstrain in both solid and ﬂuid phase, the
elastic part of the solid and ﬂuid strains are modiﬁed as
ij ¼ eij  eij; h ¼ ht  h; ð7Þ
where eij and eij are the total solid strain and solid eigenstrain,
respectively. Similarly, ht and h⁄ are the total ﬂuid strain and ﬂuid
eigenstrain, respectively. The total solid and ﬂuid strains are related
to the displacement ﬁeld by the relations mentioned before. The
governing equations of poroelasticity in absence of inertia are
simply
rij;j ¼ 0; s;i ¼ 0; ð8Þ
which separately balance the momentum of the solid and the ﬂuid
phase, respectively. Since the ﬂuid stress gradient is zero, there are
only two possibilities, namely, (a) the drained case where there is
no ﬂuid in the pores and (b) the undrained (or jacketed) case where
there is no relative ﬂow between the solid and the ﬂuid phase.
2.1. Homogenization of periodic porous structure
An inﬁnite porous domain with periodic microstructure is con-
sidered. This periodic variation renders the medium inhomoge-
neous and the objective is to ﬁnd out the average effective
properties. Further, it is assumed that the porous microstructure
consists of two porous phases of altogether different material
properties (including porosity) (see Fig. 2). The larger phase is
called the matrix phase M with elastic moduli, C, Q and R and
the other phase is of volume X with elastic moduli, CX, QX and
RX. The stress at any point in the unit cell can then be written as
rðxÞ ¼ C0ðxÞðxÞ þ Q 0ðxÞhðxÞ; sðxÞ ¼ Q 0TðxÞðxÞ þ R0ðxÞhðxÞ; ð9Þ
where
C0ðxÞ¼Hðx;MÞCþHðx;XÞCX; Q 0ðxÞ¼Hðx;MÞQ þHðx;XÞQX; ð10Þ
R0ðxÞ ¼ Hðx;MÞRþ Hðx;XÞRX ð11Þ
and H(x;M) and H(x;X) are the characteristic functions of phasesM
and X. In the homogenization process, the phase denoted by X is
replaced by an inclusion with speciﬁed eigenstrain ijðxÞ and h⁄(x)
(see Fig. 2(b)). If the matrix properties C, Q and R are used as the ref-
erence properties, the stresses in the new model are
rðxÞ ¼ CððxÞ  ðxÞÞ þ Q ðhðxÞ  hðxÞÞ; ð12Þ(b)
nt phase denoted as matrix and phase X (b) phase X is replaced by an inclusion
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where the eigenstrains are limited to phase X. The new stress def-
inition given by Eqs. (12) and (13) is completely equivalently to Eq.
(9) and this equivalence is called the consistency condition.
For periodic microstructure, all the ﬁeld quantities like dis-
placements, strains, stresses and elements of the constitutive law
(C, Q and R) can be assumed to satisfy periodicity. The eigenstrains
(periodic) can be expressed by a Fourier series as
ijðxÞ ¼
X0
n
^ijðnÞ expðIn  xÞ; hðxÞ ¼
X0
n
h^ðnÞ expðIn  xÞ; ð14Þ
where n can be considered as a spatial wavevector with three com-
ponents and the primed summation indicates that it does not in-
clude n = (0,0,0). Similarly, the displacement components can be
expressed by a Fourier series as
uiðxÞ ¼
X0
n
u^iðnÞ expðIn  xÞ; UiðxÞ ¼
X0
n
bUiðnÞ expðIn  xÞ: ð15Þ
These Fourier components are related to their transformed pair by
the usual relations
^ijðnÞ ¼
1
Vx
ZZZ
ijðxÞ expðIn  xÞdVx;
h^ðnÞ ¼ 1
Vx
ZZZ
hðxÞ expðIn  xÞdVx;
ð16Þ
u^iðnÞ ¼ 1Vx
ZZZ
uiðxÞ expðIn  xÞdVx;
bUiðnÞ ¼ 1Vx
ZZZ
UiðxÞ expðIn  xÞdVx:
ð17Þ
Substituting the assumed forms of eigenstrains and displacement
ﬁelds in the governing equations, the Fourier transform coefﬁcients
of these quantities can be related to each other. However, it can be
immediately seen that the three equilibrium equations of the ﬂuid
stress result in the same equation. Thus, the original assumption of
three independent ﬂuid displacement components is incorrect. This
is due to the fact that the ﬂuid strain involves only the divergence of
the displacement ﬁeld. To avoid this redundancy, the ﬂuid displace-
ment ﬁeld is expressed in terms of Helmholtz potential as U(x) =r/
(x) +r  w. As a result, the ﬂuid strain h =r2/ and the vector po-
tential part w does not appear in subsequent derivations.
The resulting algebraic form of the governing equations
becomes
Aðni;Cij;Qi;RÞd^ ¼ Bðni;Cij;Qi;RÞbE; ð18Þ
where d^ ¼ u^1; u^2; u^3; /^
n oT
and bE ¼ ^11; ^22; ^33; ^23; ^13; ^12; h^n oT .
The elements of the matrix A and B are given in Appendix A.
Solving the system of equations (Eq. (18)), the Fourier transform
of the solid displacement components and ﬂuid potential (at a par-
ticular n) can be obtained as long as the matrix A is not singular.
Further, the elastic strains in the Fourier domain are related to
the displacement components by the relation bEp ¼ Kd^ where
K ¼
In1 0 0 0
0 In2 0 0
0 0 In3 0
0 In3=2 In2=2 0
In3=2 0 In1=2 0
In2=2 In1=2 0 0
0 0 0 n2
2666666666664
3777777777775
: ð19Þ
Hence, the strain ﬁeld in the Fourier domain is related to the eigen-
strain by the relationbEpðnÞ ¼ KðnÞA1ðnÞBðnÞbEðnÞ ¼ S^PðnÞbEðnÞ; ð20Þ
where bSPðnÞ gives a periodic strain ﬁeld produced by bEðnÞ. Then the
periodic strain can be recovered as
EpðxÞ ¼
X0
n
bSPðnÞbEðnÞ expðIn  xÞ
¼
X0
n
bSPðnÞ 1
Vy
ZZZ
EðyÞ expðIn  ðx yÞÞdVy
 
: ð21Þ
Deﬁning the g-integral as
gðnÞ ¼ 1
X
Z
X
expðIn  xÞdXx ð22Þ
and replacing E⁄(y) by the average (constant) eigenstrain in the
inclusion E, the expression for Ep(x) is simpliﬁed to
EpðxÞ ¼ f
X0
n
gðnÞS^PðnÞ expðIn  xÞ
( )
E; ð23Þ
where f =X/V is the volume fraction of the inclusion. Taking the
average of the periodic strain Ep(x) over the inclusion volume X
Ep ¼ 1
X
Z
X
EpðxÞdVx ¼ f
X0
n
gðnÞbSPðnÞgðnÞ( )E ¼ SpE: ð24Þ
The above equation is expanded below to explicitly write the rela-
tion between the solid and ﬂuid component of the periodic strains
to the eigenstrains as
Ep ¼
p
hp
 
¼ S
11
p S
12
p
S21p S
22
p
" #

h
 
: ð25Þ
In case of a uniform (periodic) strain 0 and h0 already existing in
the structure, the consistency condition can be written as
rðxÞ ¼ C0ðxÞð0 þ pðxÞÞ þ Q 0ðxÞðh0 þ hpðxÞÞ
¼ Cð0 þ pðxÞ  ðxÞÞ þ Q ðh0 þ hpðxÞ  hðxÞÞ ð26Þ
sðxÞ ¼ Q 0TðxÞð0 þ pðxÞÞ þ R0ðxÞðh0 þ hpðxÞÞ
¼ Q 0Tð0 þ pðxÞ  ðxÞÞ þ R0ðh0 þ hpðxÞ  hðxÞÞ: ð27Þ
If the periodic strains p(x), hp(x), eigenstrains ⁄(x), h⁄(x) are re-
placed by their volume averaged quantities p; hp;  and h then
an averaged consistency condition (for the inclusion) will be
rðxÞ ¼ CXð0 þ pÞ þ QXðh0 þ hpÞ
¼ Cð0 þ p  Þ þ Q ðh0 þ hp  hÞ; ð28Þ
sðxÞ ¼ QXð0 þ pÞ þ R0ðxÞðh0 þ hpÞ
¼ Q : ð0 þ p  Þ þ R0ðh0 þ hp  hÞ: ð29Þ
Substituting for p and hp using Eq. (25) the consistency condition
can be rewritten as
A3 þ v3h ¼ 0 þ v2h0;
a3 þ .h ¼ ðQ  QXÞT0 þ ðR RXÞh0;
ð30Þ
where
A3 ¼ S11p þ CX  C

 1
QX  Q

 
S21p þ CX  C

 1
C 2 R66; ð31Þ
v3 ¼ S12p þ CX  C

 1
QX  Q

 
S22p þ CX  C

 1
Q 2 R61; ð32Þ
v2 ¼ CX  C

 1
Q  QX

 
2 R61; ð33Þ
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S11p þ RX  R

 
S21p þ Q T 2 R16; ð34Þ. ¼ QX  Q

 
S12p þ RX  R

 
S22p þ R 2 R11: ð35Þ
Solving Eq. (30), explicit forms of  and h are obtained as
 ¼ A14 A50 þ v4h0;
h ¼ .1 Q  QX

 T
þ vT7A14 A5
 
0
þ .1 R RX

 
 vT7A14 v4
h i
h0;
ð36Þ
where
A4 ¼ A3  .1v3  a3; A5 ¼ I6 þ .1v3 Q  QX

 T
; ð37Þv4 ¼ v2  .1v3 R RX

 
; vT7 ¼ .1A3: ð38Þ
The effective poroelastic moduli C; Q and R are deﬁned by the
relations
r0 ¼ C0 þ Qh0 ¼ C 0  f
 þ Q h0  fh ;
s0 ¼ Q T0 þ Rh0 ¼ Q 0  f
 þ R h0  fh : ð39Þ
Substituting Eq. (36) in Eq. (39) the expressions of the effective
poroelastic moduli are obtained as
C ¼ Cþ fCA14 A5  fQ .1 Q  QX

 T
þ vT7A14 A5
 
;
Q ¼ Q  fCA14 v4  fQ .1ðR RXÞ  vT7A14 v4
n o
;
R ¼ R fQ TA14 v4  fR .1 R RX

 
 vT7A14 v4
n o
:
ð40Þ
In case of orthotropic materials, it is possible to extract 9 elastic
constants {E1,E2,E3,G23,G13,G12,m23,m13,m12} from C and 3 elastic
constants {Q1,Q2,Q3} from Q resulting in a total of 13 (including
R) material parameters.0 0.05 0.1 0
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Fig. 3. Comparison of the effective elastic modulus predicted by different m3. Numerical examples
The analytical methodology developed in the previous section is
used to estimate the effective properties of porous materials. Vari-
ous conﬁgurations are considered to demonstrate the applicability
and ability of the present approach. In absence of any benchmark re-
sults available for inhomogeneous porous materials, initial studies
are conducted for inhomogeneous but solid materials. The ﬁrst
example is taken from Yu and Tang (2007) where different homog-
enization theories are applied to estimate the effective properties of
Al2O3/Al composite. The representative volume is assumed to be a
cubic domain with cubic Aluminum oxide inclusion. Both the con-
stituents are assumed to be isotropic with EAl2O3 ¼ 350:0 GPa and
mAl2O3 ¼ 0:3. The nominal properties of Aluminum are considered
with E = 70.0 GPa and m = 0.3. The effective elastic modulus (equal
in all directions) and Poisson’s ratio of this composite are shown in
Figs. 3 and 4 for various volume fraction of Aluminum oxide. The
present analytical predictions are compared with Variational
Asymptotic Method for Unit Cell Homogenization (VAMUCH) of
Yu and Tang (2007) and Elasticity-based Cell Model (ECM) of Wil-
liams (2005). VAMUCH is anefﬁcientﬁnite elementbasednumerical
homogenization procedure with very high accuracy. Details of this
method can be found in the work of Yu and Tang (2007) and Chakr-
aborty (2011). ECM is a mixed analytical-numerical scheme where
the ﬂuctuating part of unit cell displacements are represented as a
product of Legendre polynomials. The order associated with this
method refers to the order of the Legendre polynomial. The coefﬁ-
cients of the displacement representation are obtained by solving
a set of linear algebraic equations (816 and 312 equations for the
ﬁfth and third order theory, respectively. It can readily be seen that
the present analytical predictions compare very well with the VA-
MUCH and 3rd order ECM based predictions.
Next, the same composite material is considered with rectangu-
lar parallelepiped inclusion. The inclusion has a dimension Li in the
xi direction with L1:L2:L3 = 2:1:2. As a result the effective elastic
properties become anisotropic. Here, only the variation of E3
(Fig. 5) and m12 (Fig. 6) are shown with respect to the inclusion
volume fraction. Again it is evident that the present predictions
agree quite well with the other methods..15 0.2 0.25 0.3
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ethods for Aluminum oxide/Aluminum composite with cubic inclusion.
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Fig. 4. Comparison of the effective Poisson’s ratio predicted by different methods for Aluminum oxide/Aluminum composite with cubic inclusion.
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Fig. 5. Comparison of the effective elastic modulus (E3) predicted by different methods for Aluminum oxide/Aluminum composite with cubic inclusion.
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Next, the present approach is compared with other existing
homogenization theories for predicting the effective properties of
inhomogeneous porous media. In the following examples, a spher-
ical porous inclusion is considered embedded in a porous cubic
matrix. The volume fraction of the inclusion /i is varied from
0.065 to 0.46 in 5 steps. The matrix solid phase Young’s modulus
Em is 25.0 GPa and Poisson’s ratio mm = 0.33. It is assumed that
the pores of both inclusion and matrix are ﬁlled with air of bulk
modulus Kf = 0.1 MPa. Two different inclusions are considered. Inthe ﬁrst case, inclusion Young’s modulus, Ei = Em/2, mi = mm with a
porosity, bi = 0.5. In the second case, the inclusion is idealized as
a void by assuming Ei = Em/25000, mi = 0.25 and bi = 0.99. The ma-
trix porosity, bm is varied between 0.01 and 0.40 for both the cases.
Three different analytical methods are considered for compari-
son with the present analytical approach. These are (1) Generalized
Self-Consistent method (GSCM), (2) Mori-Tanaka (MT) method and
(3) Dilute distribution theory (DDT). Both GSCM and MT methods
were developed only for solid phase homogenization. However,
these methods have been extended for porous phase homogeniza-
tion by building on the original methodology (see Chakraborty,
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Fig. 6. Comparison of the effective Poisson’s ratio (m12) predicted by different methods for Aluminum oxide/Aluminum composite with rectangular parallelepiped inclusion.
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(2009) for solid-ﬂuid composite where the ﬂuid phase is approxi-
mated by a solid of very high Poisson’s ratio. Additionally, the FE
based porous media homogenization described by Chakraborty
(2011) is also considered for comparison with the present analyti-
cal method.
Fig. 7 shows the variation of the effective Young’s modulus with
matrix porosity for different porous inclusion volume fraction.
Here, the lines with ﬁlled markers represent FE based estimatesof porous VAMUCH formulation (Chakraborty, 2011) (labeled here
as pVAMUCH) and thick dashed lines are the present analytical
predictions. The present estimations are almost identical to pVA-
MUCH estimates. The other lines with unﬁlled markers and thin
dashed lines indicate predictions by extended GSCM and MT meth-
od, respectively. It can be seen that for low inclusion volume frac-
tion all the methods agree quite well with each other. However,
with increasing inclusion volume fraction, the difference between
matrix and inclusion properties increases and the predictions differ
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Fig. 8. Variation of the effective Young’s modulus of a porous unit cell with spherical porous inclusion. The lines with ﬁlled marker and thick dashed lines represent
pVAMUCH and the present analytical estimate, respectively. Thin dashed lines are DDT predictions.
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GSCM and MT method where larger phase contrast (mismatch in
phase properties) renders these methods inaccurate. An almost lin-
ear relationship between the effective modulus and matrix poros-
ity is due to the assumed value of the structural parameter n = 1.23
for water saturated cancellous bone (Williams, 1992).
Fig. 8 shows the comparison of the current methodology with
DDT. It can be seen that there is signiﬁcant improvement over
GSCM and MT method predictions as the present theory matches
very well with DDT predictions for /i 6 0.27. At inclusion volume0 0.05 0.1 0.15 0
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thick dashed lines represent pVAMUCH and the present analytical estimate, respectivelfractions higher than 0.27, DDT estimations are higher than the
analytical predictions. This stiffening behavior is consistent with
the characteristics reported by Yoon and Cowin (2009).
Next, the porous inclusion is replaced by a void of varying size.
Figs. 9 and 10 present the comparison of the effective modulus of
the composite predicted by different theories. In both the cases
excellent agreement is seen between the present analytical meth-
od and pVAMUCH predictions. Since a void results in greater phase
contrast it can be expected that GSCM and MT method will have
larger differences with the current analytical predictions. This is.2 0.25 0.3 0.35 0.4
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y. Thin dashed lines are GSCM and MTM predictions, respectively.
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Fig. 10. Variation of the effective Young’s modulus of a porous unit cell with spherical void. The lines with ﬁlled marker and thick dashed lines represent pVAMUCH and the
present analytical estimate, respectively. Thin dashed lines are DDT predictions.
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tween GSCM and MT method has increased. The comparison with
DDT (shown in Fig. 10) indicates similar characteristics as encoun-
tered earlier in Fig. 8. The difference with the analytical prediction
becomes substantial from /i = 0.27 onward, which again indicates
the effect of phase contrast.
3.2. Fluid-ﬁlled cavity
In the previous examples, the effect of interstitial ﬂuid on the
effective properties was marginal as the interstitial ﬂuid was air.
However, it can be postulated that for ﬂuids with considerable bulk
modulus (compared to the elastic modulus of the solid phase)
there may be signiﬁcant contribution to the effective modulus.
Moreover, depending upon the size and shape of the inclusion,
the ﬂuid may play different roles. Although there has been no prior
study in this direction, the closest that one can get is the work of
Shaﬁro and Kachanov (1997) where the effective properties of a
ﬂuid-ﬁlled cavity is obtained in closed-form. Thus, if a solid matrix
of Young’s modulus Es and Poisson’s ratio ms has a cavity with a rel-
ative volume b and ﬁlled with a ﬂuid of bulk modulus Kf then the
effective elastic modulus of this composite is E⁄ = Es/r, where
r ¼ 1þ b 3ð1 msÞð9þ 5msÞ
2ð7 5msÞ 
ð1 msÞ
2ð1þ dÞ
 
;
d ¼ 2
9
Es=Kf  3ð1 2msÞ
1 ms : ð41Þ
To compare with the above solution, the same unit cell of previous
example is considered. The matrix has a modulus of 25.0 GPa and a
porosity of 0.01 is assigned to make it resemble a nonporous solid
phase. The ﬂuid in the cavity is modeled by assigning a high poros-
ity of 0.99 with bulk modulus of 2.2 GPa and solid modulus of
1.0 MPa. By changing the cavity radius, the relative cavity volume
(b) is varied between 6.25% and 45%. Since ﬂuid bulk modulus is les-
ser than that of the solid matrix, it is evident that with increasing
cavity volume the effective property of the composite will decrease.
This behavior is shown in Fig. 11 where the closed-form solution
(Eq. (41)) is compared with the present analytical homogenizationmethod, pVAMUCH and DDT. It can be seen that till about 20% vol-
ume fraction of the cavity, the two analytical solutions agree very
well with each other. The departure of the present homogenization
solution at higher cavity volume (where the ﬂuid phase contribu-
tion becomes more important) is similar to the trend observed by
Chakraborty (2011) and may be due to the approximate nature
(by high porosity) of the current modeling approach. For all volume
fraction, the present analytical estimate is almost coincident with
the pVAMUCH predictions. The DDT based prediction on the other
hand always underestimates the effective modulus, although for
b > 0.41 DDT based prediction is closer to the analytical solution
than the present approach.
3.3. Poroelastic properties of collagen ﬁbril
The ﬁnal example estimates the poroelastic properties of miner-
alized collagen ﬁbril. In Yoon and Cowin (2008), poroelastic prop-
erties were estimated for the entire bone lamella, where
descriptions of various porosities encountered in bone were also
provided. Among the three different porosities encountered in
bone, this example explores collagen-apatite porosity, which refers
to the porosity of collagen and mineral (hydroxy-apatite). As given
by Yoon and Cowin (2008), it is assumed that the collagen
(Ec = 1.2 GPa and mc = 0.35) volume fraction (Vc) is 0.418 and hydro-
xy-apatite (Eh = 114 GPa and mh = 0.28) volume fraction (Vh) is
0.399. Assuming that water is equally shared between mineral
and collagen, the volume fraction of saturated collagen (Vcw) and
mineral (Vhw) are
Vcw ¼ Vc þ Vw=2; Vhw ¼ Vh þ Vw=2: ð42Þ
Corresponding porosities of collagen and mineral can be computed
as /cw = (Vw/2)/Vcw and /hw = (Vw/2)/Vhw, where the pores are satu-
rated with water. Both /cw and /hw are part of the collagen-apatite
porosity. In mineralized collagen ﬁbril, porous platelet shaped
mineral crystals are formed in porous collagen matrix. These plate-
lets have a nominal dimension of 3  25  50 nm (Rho et al., 1998).
At this point, it is necessary to make some assumption about the
fraction of mineral deposited in mineralized collagen ﬁbril. Assum-
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mineral in mineralized collagen ﬁbril becomes
/pc ¼
0:05Vhw
Vcw þ Vhw ¼ 0:046: ð43Þ
For the dimension of the platelet mentioned it is necessary to have
three platelets in a cube of dimension 62.6 nm. These three platelets
can be placed anywhere (randomly) in the matrix and as such a
Monte-Carlo simulation is necessary to have a statistical measure
of the effective poroelastic properties. Moreover, the g-integral has
to be evaluated in such away that the locations of these platelets (in-
side thematrix) are taken into account. The present formalism, how-
ever, assumes that there is only one inclusion and as a result
inclusion-inclusion interaction needs to be tackled separately.
Nevertheless, a simple approach could be to insert one platelet
at a time in a matrix whose properties are updated from the previ-
ous homogenization step. Thus, in the ﬁrst step, one platelet (por-
ous) inclusion is considered in a porous collagen matrix and the
effective poroelastic properties are computed. These properties be-
come the matrix properties in the next step and another platelet is
considered as inclusion. After inserting the third platelet and com-Table 1
Effective poroelastic properties of a bone collagen ﬁbril obtained from FE homoge-
nization (Chakraborty, 2011) and the present analytical scheme.
N = 3
Fibril (pVAMUCH) Fibril (present)
E1 [GPa] 1.16 1.11
E2 [GPa] 1.38 1.29
E3 [GPa] 1.89 1.64
G12 [GPa] 0.39 0.38
G13 [GPa] 0.39 0.38
G23 [GPa] 0.49 0.47
m12 0.35 0.35
m13 0.22 0.25
m23 0.22 0.24
Q1,2,3 [GPa] 0.055 0.056
R [GPa] 0.268 0.269pleting the homogenization, the ﬁnal effective poroelastic proper-
ties are obtained. These properties, along with those obtained
earlier from FE based homogenizations (pVAMUCH, Chakraborty,
2011), are compared in Table 1. It can be seen that the present ana-
lytical approach results in estimates that are very close to pVA-
MUCH predictions of shear moduli, Poisson’s ratios, Q and R.
However, the Young’s moduli are underestimated in all directions,
which can be attributed to the absence of intra-inclusion interac-
tion in the present analytical approach.4. Conclusions
An analytical homogenization method is proposed in this work
to estimate the effective properties of ﬂuid-ﬁlled porous media
with periodic microstructure. The method is based on the equiva-
lent inclusion approach of homogenization applied earlier for
solid–solid mixture. It is assumed that porous media are described
by the constitutive relation developed by Biot where porosity is a
material parameter. By solving the governing equations of poro-
elasticity in Fourier transformed domain, the relation between
periodic strain and eigenstrain in porous media is established. This
relation is subsequently used in an average consistency condition
involving both solid and ﬂuid phase stresses and strains. The
geometry of the porous microstructure is captured in the g-integral
which is analytically tractable for simpler inclusion geometries
(sphere, cube or cylinder). However, for arbitrary inclusion geom-
etry, this integral has to be evaluated numerically.
The examples considered in this work demonstrate the accu-
racy of the present method in predicting the effective properties
of porous media as well as of solid–solid composite. The method
is also shown to be useful in obtaining the equivalent properties
of solid–ﬂuid mixture where a pure solid and ﬂuid are modeled
by assuming very low and high porosity, respectively. It is shown
that the present method based predictions are very close to the
FE based homogenization results obtained earlier. This imparts
greater conﬁdence on the proposed analytical method. The ﬁnal
example shows an estimation of poroelastic properties of cortical
A. Chakraborty / International Journal of Solids and Structures 48 (2011) 3395–3405 3405bone ﬁbril, which is of considerable importance to the biomechan-
ics community.
Appendix A. Elements of the A and B matrix
Að1;1Þ ¼ n21C11 þ n22C66=2þ n23C55=2; ð44Þ
Að1;2Þ ¼ C12 þ C662
 
n1n2; Að1;3Þ ¼ C13 þ
C55
2
 
n1n3; ð45Þ
Að1;4Þ ¼ In1Q1n2; Að2;1Þ ¼ Að1;2Þ; ð46Þ
Að2;2Þ ¼ n22C22 þ
n21C66
2
þ n
2
3C44
2
; ð47Þ
Að2;3Þ ¼ C23 þ C442
 
n2n3; Að2;4Þ ¼ In2Q2xi2; ð48Þ
Að3;1Þ ¼ Að1;3Þ; Að3;2Þ ¼ Að2;3Þ; ð49Þ
Að3;3Þ ¼ n23C33 þ
n21C55
2
þ n
2
2C44
2
; Að3;4Þ ¼ In3Q3n2; ð50Þ
Að4; iÞ ¼ niQ i; ði ¼ 1; . . . ;3Þ; Að4;4Þ ¼ In2R; ð51Þ
B ¼ ðIÞ
n1C11 n1C12 n1C13 0 n3C55 n2C66 n1Q1
n2C12 n2C22 n2C23 n3C44 0 n1C66 n2Q2
n3C13 n3C23 n3C33 n2C44 n1C55 0 n3Q3
Q1 Q2 Q3 0 0 0 R
26664
37775
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